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Abstract 

We study marginal deformations of superconformal Chern-Simons matter theories that 
are based on 3-algebras. For this, we introduce the notion of an associated 3-product, 
which captures very general gauge invariant deformations of the superpotentials of 
the BLG and ABJM models. We also consider conformal multi-trace deformations 
preserving M = 2 super symmetry. We then use M = 2 supergraph techniques to 
compute the two-loop beta functions of these deformations. Besides confirming con- 
formal invariance of both the BLG and ABJM models, we also verify that the recently 
proposed /3-deformations of the ABJM model are indeed marginal to the order we are 
considering. 
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1. Introduction 

In the work of Bagger, Lambert [lj as well as Gustavsson [2j, a candidate theory for multiple 
M2-branes was proposed, which has attracted much attention in the last year. Initially, this 
theory was conjectured to be an IR description of stacks of M2-branes in the same sense as 
maximally supersymmetric Yang-Mills theory (SYM) provides an effective description of stacks of 
D-branes. Soon after its discovery, however, it was realized that this Bagger-Lambert-Gustavsson 
(BLG) model cannot capture stacks of arbitrarily many M2-branes: Its interactions and the gauge 
algebraic structure are based on 3-Lie algebras 1 [4J , and there is only one such 3-Lie algebra which 
fulfills all reasonable physical requirements |5j. 

One way to circumvent this problem is to generalize the concept of a 3-Lie algebra as done 
in [6 J and [71. These generalizations yield superconformal field theories which allow for more 
freedom but at the cost of a reduced amount of supersymmetry compared to the original BLG 
model. The generalizations discussed in [6j, for example, yield the so-called Aharony-Bergman- 
Jafferis-Maldacena (ABJM) model [8j as a special case, see also [9j. This theory shares many 

1 See 3 and references therein for a detailed discussion of algebras with n-ary brackets. 
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features with N = 4 SYM theory in four dimensions such as planar integrability [10-13J (see [14J 
for an earlier account). Therefore, it is interesting to ask what phenomena familiar from N = 4 
SYM theory in four dimensions persist in these generalized BLG-type models. 

One such phenomenon is the existence of marginal deformations. There is a 3-parameter 
family of such deformations of N = 4 SYM theory which was found by Leigh and Strassler [15J. 
These include in particular the so-called /3-deformations as a subclass. Written in terms of four- 
dimensional M = 1 superfields, where the field content of J\f = 4 SYM theory is encoded in three 
chiral superfields 3> l , i = 1,2,3, and a vector superfield, these deformations are given by the 
superpotential terms 

W = ey fc tr([$ i ,^'] / 3$ fc ) , with := e^**^' - e - ^'** . (1.1) 

The theories with such a superpotential are still finite and, as they are written in terms of 
superfields, they are manifestly N = 1 supersymmetric. 

In this paper, we make an attempt at the construction of analogous deformations for BLG- 
type models. For a rough guideline on what structures one expects to arise at 3-algebra level, 
one can look at the reduction process from M2-branes to D2-branes as described in [16J. For this 
reduction, one has to compactify a direction transverse to the M2-branes on a circle. In [16J, it 
was suggested that in this compactification process, the scalar describing M2-brane fluctuations 
in this direction would acquire the vacuum expectation value (X°) = -™ = 9ym- Here, R is 
the radius of the circle, £ p the Planck length, and qym the Yang-Mills coupling constant. The 
interaction terms of the BLG model are formulated using totally antisymmetric 3-brackets of 3- 
Lie algebras. In the reduction process, 3-brackets of the form [X° , X 2 , X 3 ] reduce to commutator 
terms gyM[X 2 , X s ] = [X° , X 2 , A 3 ], and in a strong coupling expansion, only those 3-bracket 
expressions which reduce to a commutator survive. To obtain terms which correspond to (3- 
deformed commutators, one evidently has to relax the total antisymmetry of the 3-bracket. One 
is therefore led to look for marginal deformations amongst models which are built from the 3-Lie 
algebras introduced in [6 J and |7j . 

There are already proposals for /3-deformations of both the BLG and the ABJM model in the 
literature [IT, 18J based on considering gravitational duals. Here, we will study such deformations 
in more detail from the gauge theory perspective: We will write down the most general gauge 
invariant deformations of BLG-type models based on 3-algebras in N = 2 superspace. Although 
the generalized 3-Lie algebras of [6j and [7J already allow for certain classes of marginal defor- 
mations, we find that we should also introduce the notion of an associated 3-product: A new 
triple product, which transforms covariantly under gauge transformations. Moreover, we include 
all classically conformal multi-trace terms that are compatible with M = 2 supersymmetry. 2 The 
Lagrangians we find are rather restrictive, but contain the deformations studied in [18J. We then 
evaluate the beta functions of the couplings arising from the admissible deformations using super- 
graph techniques up to two-loop order. We confirm the conformal invariance of the BLG and the 
ABJM model as well as the deformations of [18J at quantum level to this order in perturbation 
theory. 

This paper is structured as follows. In Section 2, we discuss the necessary 3- algebraic struc- 
tures, the relation between 3-algebras and their associated gauge algebras and introduce asso- 

2 Multi-trace terms received attention in this context rather recently in 19 . 
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ciated 3-products. In Section 3, we present the Lagrangians of the BLG-type models we are 
interested in as well as their deformations. The results of our computation of the beta function 
up to two loops are then given in Section 4, and we conclude in Section 5. In the Appendices, we 
collect some useful formula? used throughout this work. 

2. 3-Algebras and associated 3-products 

The need for extending the BLG model to higher numbers of M2-branes led to two generalizations 
of the notion of a 3-algebra: the generalized 3-Lie algebras |7j, which we will refer to as real 3- 
algebras, and the Hermitian 3-algebras [6j, see also [20j for a summary and a re-interpretation in 
terms of ordinary Lie algebras. In both cases, the underlying 3-bracket is no longer required to 
be totally antisymmetric. 

In the following, we will review these structures as well as their representations using matrix 
algebras. We also introduce the notion of an associated 3-product, a generalization of a 3-bracket 3 , 
which will allow us to discuss extended superpotential terms yielding marginal deformations of 
both the BLG and ABJM models. 



2.1. Real 3-algebras 

A metric real 3-algebra is a real vector space A together with a trilinear bracket [-,-,•] : Ax 
A x A — > A and a positive definite bilinear symmetric pairing (•, •) : A x A — > R, satisfying the 
following properties for all A, B,C, D, E £ A: 

(i) The real fundamental identity: 

[A,B,[C,D,E]} = [[A,B,C},D,E} + [C,[A,B,D},E} + [C,D,[A,B,E]} , (2.1a) 

(ii) the real compatibility relation: 

([A,B,C],D) + (C,[A,B,D]) = 0, (2.1b) 

(iii) and the real symmetry property: 

(D,[A,B,C\) = (B,[C,D,A}) . (2.1c) 

This is a generalization of the concept of a 3-Lie algebra in the sense of Filippov |4J, which 
amounts to the special case of a totally antisymmetric 3-bracket. 

Choosing a basis r a of A, a = 1, . . . , dim A, we can introduce the metric h ab and the structure 
constants f a bcd as 

Kb ■= (r a ,T b ) and f ahcd := (T d ,[T a ,T b ,T c \) . (2.2) 

Because of the properties (ii) and (iii), the structure constants obey the following symmetry 
relations: 

fabcd fbacd f cdab $ abdc ■ (^"^) 

A similar generalization has been employed in 17 . 
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When taking the 3-bracket of Z^-graded objects as e.g. bosonic or fermionic fields, we define the 
3-bracket to be insensitive to the grading: 

[A,B,C] := A a B b C c [r a ,T b ,T c } , with A = A a r a etc. (2.4) 

Every real 3-algebra comes with an associated Lie algebra 0.4, the Lie algebra of inner deriva- 
tions on A. Choosing a basis r a of A, we define to be the image of the map 5 : A 2 A — > Der(^4) 
that is given by 

A 2 A 3 X = X ab T a AT b ^ 5 X G DerU) 

V ' (2.5) 

5 X (A) := X ab [r a ,r b ,A] 

for A £ A. Note that X ab = —X ba . Note also that 5 is not an injective map in general and thus 
the components X ab in the definition of 5x are usually not uniquely defined. The Lie bracket 
J-, -J on g_4 is defined by the commutator action on A, i.e. |<5x, 5y]|(-A) := Sx(Sy (A)) — Sy (Sx(A)) 
for A G A. Closure of this bracket on 53^4 follows from the fundamental identity (2.1a). 
Additionally, we may endow the Lie algebra with a bilinear pairing 

{S x ,Sy) := X ab Y cd f abcd , (2.6) 

which is symmetric, non-degenerate and ad-invariant, i.e. (([<5x, SyJ, o~z} + {Sy, l$x,5z^} = 0. 

The most prominent example of a 3-Lie algebra is the algebra A4, which is the vector space 
K, endowed with the following 3-bracket and bilinear pairing: 

fabcd = £abcd and h ab = S ab . (2.7) 

The associated Lie algebra is £U 4 = so (4) = su(2) ©su(2), and the bilinear pairing induced by 
the structure constants on this Lie algebra has split signature 4 : On the first su(2) it is positive 
definite, on the second one negative definite. Further classes of examples of real 3-algebras are 
given in the next section. 



2.2. Matrix representations of real 3-algebras 

By a matrix representation p(A) of a 3-algebra A, we will mean a homomorphism p : A — > 1Z := 
Mat(iV, C), which forms a representation of the 3-algebra A in the following way: The invariant 
pairing on A is given by the natural scalar product (A, B) := tr (p(A)^ p(B)) for elements A,B £ A 
and the 3-bracket is constructed using the natural operations on the matrix algebra: The product 
and the Hermitian conjugate. It should be stressed that p(A) can be a true subset of 1Z; however, 
the 3-bracket is certainly required to close on p(A). 

In the case of real 3-algebras, the matrix algebra 1Z is restricted 5 to Mat(iV, R) and the 
Hermitian conjugate turns into the transpose. In the sequel, we will often not make a notational 
distinction between an element A G A and its matrix realization p(A) G 1Z and simply write A 
in both cases. 

4 This property is connected to parity invariance of the Chern-Simons Lagrangian, cf. Section 3.2. 
5 One could also choose Hermitian matrices; they, however, can be embedded into the real matrices, so that our 
restriction does not imply any loss of generality. 
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Such representations have been classified in [21J, and for real 3-algebras, there are in fact four 
families: 

If: A,B,C H- a([[A T ,B],C] + [[A,B T ],C] + [[A,B],C T ]-[[A T ,B T ],C T ]) , 
II*: A,B,C ^ a([[A,B T ],C] + [[A T ,B],C]) , 
in^: ^ a(AB T -£A T )C + /3C(A T £-B T ,4) , (2.8) 

IV^: A,B,C M- adtABj^l + ^^l^l + ^^^^ + P,^],^]) 

+ /9([[A B], C T ] + [[A T , B],C} + [[A, B T ],C] + [[A T , B T },C T ]) , 

where a and (5 are arbitrary (real) parameters. Although a can always be removed from the 
bracket by a rescaling, we will find it convenient to keep it explicitly. 

Besides forming representations, these brackets give rise to a real 3-algebra structure on 
Mat (TV, IR), and we denote the arising real 3-algebras by M£ (N),..., M$ (TV). 

The case M^j ^ (N) is of particular importance: The real 3-algebras < to 2d defined in [7J allow 
for representations in the class Illf^. The 3-Lie algebra A4, which is a sub-3- algebra of ^ 4 
can be identified with a real sub-3-algebra of M n ? Ii (4). Let us therefore expose the associated 
Lie algebra structure of Mqj (TV) in the following. A derivation <5x £ 04 acts on an element 
C £ A = M$ la (N) according to 

5 X (C) = X ab [r a ,T b ,C] = aX ab (r a r^ -T b rJ)C + Cf3X ab (T^T b -Tlr a ) 

* v ' V v ' 

= : X L =: X R (2.9) 

= X L C + CX R . 

Thus, 3,4 splits into two parts: one acting on A from the left and one acting from the right. The 
fact that forms a Lie algebra follows from the fundamental identity as mentioned above. In 
particular, 

16 x ,6yKC) = [X L ,Y L ]C + C[Y R ,X R ] = Z L C + CZ R = 8 Z {C) . (2.10) 

Note that Xl = —X^ and X R = —X^, that is, both are antisymmetric matrices and they can 
be chosen independently. We therefore conclude that 04 C o(N) © o(N) and in particular, if 
p(A) = 1Z, we have 04 = o(N) © o(N). Moreover, a short calculation reveals that the pairing on 
04 is given by 

{X,Y) = X ab Y cd f abcd = -atr(xlY L )-f3tr(X R Y R ) , (2.11) 

and thus for a = —f3, the pairing has split signature. This property is required to render a 
Chern-Simons matter theory based on this gauge algebra parity invariant, see Section 3.2. 

2.3. Associated 3-products of real 3-algebras 

In gauge theories, the gauge potential (and its superpartners) takes values in a Lie algebra, while 
the matter fields take values in a representation of this Lie algebra. If the matter fields X, Y sit in 
the adjoint matrix representation, there is a product between these fields - the ordinary matrix 
product - which transforms covariantly under gauge transformations 5a = [A, ■]: 

[A,X -Y] = [A,X]-Y + X ■ [A, Y] . (2.12) 
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Both the matrix product and the commutator are special cases of the more general product 



aiXY - a 2 YX , with ot\ 2 € C 



(2.13) 



which also transforms covariantly. An analogous product can be introduced for representations 
of 3-algebras: Consider a matrix representation TZ of a real 3-algebra A. An associated 3-product 
of A in TZ is a trilinear map (A, B,C) : TZ x TZ x TZ — > TZ satisfying the following identity: 



[A,B,(C,D,E)] = ([A,B,C],D,E) + (C,[A,B,D],E) + (C,D,[A,B,E\) . (2.14) 



This identity corresponds to the condition that the associated 3-product transforms covariantly 
under gauge transformations governed by the 3-bracket. Later on, this will allow us to replace 
ordinary 3-brackets in the superpotential by associated 3-products preserving gauge invariance. 
Evidently, all matrix representations of 3-brackets satisfy this identity and thus they are just 
special cases of associated 3-products. The general associated 3-product, however, allows for 
more general deformations of the superpotential than the conventional 3-bracket would do. In 
the Hermitian case, this includes in particular the deformations studied in [18J, as discussed later. 

One may now ask for the most general 3-product, which can be written down using nothing 
but matrix products and transpositions, analogously to the matrix representations of 3-brackets 
(2.8). In the representation TZ of type IH^s, the most general such product reads as 



(A,B,C) = ai AB T C + a 2 CB T A + (5 1 BC T A + f3 2 AC T B + -f 1 CA T B + - l2 BA T C , (2.15) 



A metric Hermitian 3-algebra is a complex vector space A together with a bilinear-antilinear triple 
product [•,•;•] : A. X A x A — > A and a positive definite Hermitian pairing 6 (•, •) : A x A — > C 
satisfying the following properties for all A, B, C, D, E E A: 

(i) The Hermitian fundamental identity: 



where a\ i2 , /3± j2 and 7^2 are real parameters. 



2.4. Hermitian 3-algebras 



[[C,D;E],A;B] 



[[C, A; B],D; E] + [C, [D, A; B];E}- [C, D; [E, B; A}] 



(2.16a) 



(ii) the Hermitian compatibility relation: 



(D, [A, B; C)) - ([£>, C; B],A) = 



(2.16b) 



(iii) and the Hermitian symmetry property: 



(D,[A,B;C}) 



(D,[B,A;C\) . 



(2.16c) 



With respect to a basis r a of A, we introduce the metric and the structure constants 



h a b = {T a ,T b ) and f abcd := {T d ,[T a ,n;T c ]) 



(2.17) 



We choose the first slot to be antilinear and the second one to be linear. 
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which satisfy the following symmetry relations: 



h a b = (hba)* and f a bcd = —fbacd = —fabdc = (fcdab)* ■ (2.18) 

Analogously to the case of real 3-algebras, a Hermitian 3-algebra comes with an associated 
Lie algebra, which is naturally a complex Lie algebra 0^. Here, we will merely be interested 
in a real form cj_4 of that is defined as follows: Consider a basis r a of A together with a 
basis t* of the complex conjugate A* of A. 7 An element X = X ab T a A r b * of d\t(A A A*) has 
components X ab satisfying X ab = —(X ba )*, and we then define 0.4 to be the image of the map 
5 : Oit(A A A*) ->■ Der(A), with X ^ 5 X and 

:= X ab [A,T a ;r b ] , (2.19) 

for A € A. The Lie bracket [■, ■] on 0_4 is defined as the commutator action of two inner derivations 
fix j^y 6 0i on i G ^4. As in the case of real 3-algebras, closure of this bracket on 0^4 follows 
from the fundamental identity. 

A pairing on 0^4 can be chosen as 8 [20J 

{fix, fir) := X ab Y cd f cabd . (2.20) 

This pairing is symmetric, bilinear, non-degenerate and ad- invariant. Note that when A is con- 
sidered as the carrier space for a representation of 0_4, A* forms the carrier space for the complex 
conjugate representation. 

2.5. Matrix representations of Hermitian 3-algebras 

Let us now come to matrix representations of Hermitian 3-algebras as introduced in Section 2.3. It 
was shown in [21j that there is only one such family of representations given by a homomorphism 
p : A -> Mat (AT, C) and the 3-bracket 

Lf : A,B,C i-> a{AC ] B-BC ] A) , (2.21) 

where a is a real parameter. Interestingly, this is also the representation used in [6 J to recast the 
ABJM model in 3-algebra language. 

In the following, we will denote the Hermitian 3-algebra defined by the above bracket on 
Mat(A, C) by M^(N). Note that the 3-Lie algebra A4 introduced above coincides with the 
Hermitian 3-algebra M^(2). 

The associated Lie algebra structure of this Hermitian 3-algebra is easily found to be 0.4 = 
su(N) © su(N), cf. [6j: Consider an element of 5x = X ab [, r a ; t^] G 0.4, where r a and r& are 
complex N x A-matrices and (X ab )* = —X ba . With the definition (2.21), we obtain (a = 1) 

5 X {A) = X ab [A, Ta ;r b ] = X ab {ArlT a -T a rlA) . (2.22) 

Analogously to the case of g (N), we can associate the following matrices with the inner 
derivations: 

X R = X ab T j b T a and X L = -X ab T a rl , (2.23) 
7 The precise definition of A* is irrelevant at this point. 

8 Note that our definition differs from that of 20 in that we have introduced an additional factor of 1/2. 
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which are both anti-Hermitian; for example, we have (Xr)^ = (X ab TfrT a )^ = —X ba TaT b = —Xr. 
Similar considerations as in the real case show that Xr and Xl can be chosen independently, 
exhausting the fundamental representation of 5u(N). The trace part is excluded as it would have 
a trivial action on A. Since left- and right-actions commute, we arrive at the conclusion that 
0.4 =su(N) esu(iV). 

The symmetric bilinear pairing of elements Sx , <5y £ 0,4 is then given by 

(X,Y) = X ab Y cd f cabd = tr(x\Y L )- tv(X R Y R ) , (2.24) 

and this expression shows that the signature on 0.4 is again split, with positive and negative 
signature on the left and right acting subalgebra of 0.4, respectively. 

2.6. Associated 3-products for Hermitian 3-algebras 

Consider again a matrix representation 1Z of a Hermitian 3-algebra A. By an associated 3-product 
of A in 1Z, we mean a bilinear-antilinear map {A, B;C) : IZxTZxlZ — > 1Z satisfying the following 
identity: 

[<C7, D; E),A; B] = ([C, A; B],D; E) + (C, [D, A; B];E) - (C, D; [E, B; A}) . (2.25) 

We specialize now to the Hermitian 3-algebra M^(N) with basis r a for which 1Z = Mat(C,iV). 
Note that the r a form a basis for both M^(N) and 1Z. With respect to this basis, we can 
introduce structure constants of the associated 3-product as follows: 

(r a ,T b ;r c ) = g abc d T d and g abcd = g a bc e h d e ■ (2.26) 

In the representation 1Z of type 1^, the most general such product written in terms of matrices 
and Hermitian conjugation is given by the following expression: 

(A,B;C) = ai AC ] B - a 2 BC ] A , (2.27) 

where a\ 2 are complex parameters. 

Below, we shall solely be interested in the one-parameter family that is given by a\ = e 1/3 and 
«2 = e -1 ^ for /3 G R, In analogy to the /3-deformed commutator given in (1.1), we denote the 
(3-3-bracket by 

[r a , n; t c ]/3 := e i/3 T a T^n - e~ il3 T b T j c T a =: [cos /3f abc d + i sin /3 d abc d ] r d . (2.28) 
The fabc d are the structure constants of the Hermitian 3-bracket and d abcd = d abc e h de obeys 

dabcd = d bac d = d abdc = (d cdab )* . (2.29) 

Therefore, 

gabcd = gbadc = —(gdcab)* ■ (2.30) 

These symmetry properties of the structure constants g a bcd can be re-phrased without referring 
to a particular choice of basis analogously to (2.16b) and (2.16c): 

(D,[A,B;C]p) = -([D,C;A]p,B) and (D, [A, B; C]p) = (C, [B, A; D]p) . (2.31) 

Interestingly, (2.28) will yield precisely the marginal deformations of the ABJM case recently 
studied in [18J. 
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3. Deformations of BLG-type actions preserving Af = 2 supersymmetry 



In the following, we present deformations of BLG-type actions which make use of either real 
3- algebras or Hermitian 3- algebras as their gauge 3- algebra structures. We will refer to these two 
cases as the real and Hermitian cases, respectively. All deformations will be manifestly N = 2 
supersymmetric and supergauge invariant. 



3.1. Conventions 

We shall use the usual superfield conventions of [22J dimensionally reduced from four to three 
dimensions as done in [7j. Our superfields will live on IR 1,2 ! 4 and their expansions are given by 

**(!/) = <p\y) + V26ij\y) + 6 2 F i (y) , (3.1a) 

for the chiral superfield and 

V(x) = -e a 9^(a^A^x) + \e aP a{x)) + W 2 (9\(x)) - W 2 (9X(x)) + \9 2 ~9 2 D{x) (3.1b) 

for the vector superfield in Wess-Zumino (WZ) gauge, 9 Here, y are chiral coordinates, = 
1, . . . , Nf are flavor indices (counting complex field components) and a, (3, . . . = 1,2 are three- 
dimensional spinor indices. We will mostly be interested in Nf = 4, but keeping Nf arbitrary will 
prove useful as a book-keeping device. Notice that the spin group in 1 + 2 dimensions is SL(2, R) 
and hence, we do not need to distinguish between dotted and undotted spinors. In particular, 
indices of barred spinors can be contracted with those of unbarred ones. Our conventions for 
spinor contractions are as follows: := X^^ai := Xa^ a ■ Furthermore, are the <7-matrices 
in three dimensions with = a^ a and e Q( g = —£g Q with e^e 1 ^ = 5a- 

The superfields <3>* take values in a 3-algebra 10 A, while V takes values in its associated Lie 
algebra q^. By a bar, we shall mean the appropriate complex conjugation operation (i.e. that of 
components and that of the gauge algebra representation). 

To make our notation more concise, we shall always write X(A) or even XA as a shorthand 
for the action of an element 8x of the associated Lie algebra 0.4 on A G A. 



3.2. Deformations of the superfield action in the real case 

We start from a Wess-Zumino model minimally coupled to a Chern-Simons theory. Correspond- 
ingly, the superfield action reads as 

= d 3|4 z j\t{V,D a (e~V^ tV D a e^ tV )) + J d 3|4 z e" % v &) , (3.2) 

where d 3 ! 4 ^ := d 3 xd 4 6>, cf. [23, 7j. The superfields ¥ are all in the same representation of the 
gauge algebra 53,4 whose carrier space is A. The coupling constant k is related to the Chern- 
Simons level k via k = k/ir. Notice that the vector superfield has been rescaled appropriately 
to ensure that the action (3.2) has a proper free-field limit, 1/y 7 ^ ~~ > 0, needed for perturbation 
theory. 

9 When discussing the quantum theory, we will not fix WZ gauge; see below. 
10 i.e. either a real or a Hermitian 3-algebra 
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Recall that the ordinary Chern-Simons Lagrangian containing the Killing form of the Lie 
algebra as bilinear pairing receives a total sign under parity transformations. Many real 3- 
algebras, however, come with an associated Lie algebra of the form Qa — Qi ® Q2, where Qi = Q2, 
and the bilinear pairing is positive definite on Qi and negative definite on Q2. The Chern-Simons 
Lagrangian then splits into two pieces of Chern-Simons type with a relative sign between the 
two Chern-Simons levels. Parity invariance can now be restored by postulating that under this 
transformation, the first Chern-Simons Lagrangian transforms into the second one and vice versa. 

We also allow for superpotential terms, which we take to be of the following form: 11 



(3.3) 



where d 3 ' 2 z := d 3 xd 2 # and d 3 ' 2 z := d 3 xd 2 # are the (anti)chiral superspace measures. The 
symmetry properties of the 3-bracket and the pairing induces the following symmetry structures 
on the four-index parameters: 

o(l) nnr | o(2) p (2) „(2) p (2) ( 

n ijM — ~ n jiki — ~ n ijik — n kuj arm n ijM — n jiM — n ijik — n kuj ■ y 6 -^) 

The couplings with upper indices are related to those with lower indices by complex conjugation, 

R% = ^d R% = (R^fy . (3.5) 

The component form of the action Sq + is given in Appendix B. 

Note that the double trace term in the superpotential (3.3) corresponds to a double and a 
triple trace deformation in the potential. Note also that when discussing Feynman rules, the 
quartic terms RW and RW may be formally combined into one single vertex, cf. (C.24) together 
with (C.22d) and (C.22e). Furthermore, the full supergauge transformations 12 are given by 

SV = £ i_ v {A- - A + coth(£ i y )(A + A)} = A + A — 4=[V, A — A] + 0(1/ k) , 

5& = ^A($ J ) , 

where £ is the Lie-derivative £x(Y) = \X, Y\, coth(£_^_y) is defined via its series expansion 
and A and A are the chiral and antichiral gauge parameters. 

By construction, the above model has at least M = 2 supersymmetry. Higher supersymmetry 
depends on the underlying 3-algebra and the choices for the coefficients in the superpotential. 
For instance, the original BLG model corresponds to 

A = A, , N f = 4 , R% = i- K s ijkl and R% = , (3.7) 

which yields the maximally supersymmetric theory with M = 8 supersymmetry. 



n We could also have included terms involving the associated 3-product, but in the real case the ordinary 3- 
bracket already allows for marginal deformations. Additionally, one could introduce mass deformations of the form 
f d 3 ' 2 2 Rij "J > -' ) + c.c. but in this work we shall only be concerned with deformations that do not break conformal 
invariance already at the classical level. 

12 after performing the integral over t 
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3.3. Deformations of the superfield action in the Hermitian case 

In the Hermitian case which is based on Hermitian 3-algebras, the SU(iVy) flavor multiplet will 
not be chiral, as discussed, e.g., in [10J. Therefore, we have the set of chiral superfields = 
(<J>\ . . . , $ N f) = ($ m , $™), but the SU(JV» flavor multiplet is formed by ($ m , $^). That is, we 
split the flavor index i = 1, . . . , Nf into a pair m, rh = 1, . . . , Nf/2, where <3? m and §m will now 
be in the same representation of the gauge algebra whose carrier space is A. Accordingly, we 
have to adjust the model here to read as 



Stf = iv^y d 3|4 z j\t{V,D a (e-^ tV D a eV^ tV )) 
+ J d 3|4 z [($ m ,e"^ y $ m ) + ($ rh ,e^ y $ 



(3.8) 



The unusual contraction of the flavor indices is due to the antilinearity of the third slot in 
the Hermitian 3-bracket and the first slot in the Hermitian pairing, respectively. The coupling 
constant k is again related to the Chern-Simons level k via k = k/ir. We will allow for the 
following superpotential deformations, which preserve classical conformal invariance: 

J r r ^ (3 - 9) 

+ J d 3 l 2 z [#™(<F\ [$*, $ m \p) + H~ n (<S> m , ^ 

where [•, •; •]« was defined in (2.28). The symmetry structure of the couplings here read as 

ifW and (3 ID") 

mnrhn nmhm mnrnh nmhm ' \ / 

and the relations of couplings with upper indices to the ones with lower indices are 

rr(l) _ / Tjhmmn\* j ifi 2 ) _ / Tjmhmn\* / q i i \ 

H mnmh ~ > alld H mnmh ~ K H {2) ) • i 6 ' 11 ) 

For the particular choice /3 = 0, the /3-3-bracket reduces to the Hermitian 3-bracket. In this case, 
the coupling H^l^ has the additional symmetry properties H { ^ n7hh = -H®*^ = ~H^l hrh . 
Thus, for Nf = 4 it is of the form H)^ nrhh ~ e mn e mn . 

Moreover, supergauge transformations in this case are given by 

[V,A-A] + 0(l/«) , 

(3.12) 



= £_^ y {A- A + coth(£„^ y )(A + A)} = A + A - -UV, A - A] + 0(1/k) , 
= J|A(<l> m ) and = -^A(^) . 



Note again that the representation formed by $ m is the complex conjugate representation of <3? m . 
We refer to Appendix B. for the component version of the above actions (for (3 = 0). 

The ABJM model as formulated in [6 J is obtained by choosing A = Mj (JV) together with 
the couplings 

N f = 4 , (3 = 0, H^ n = ±e mn e mn and H^. = , (3.13) 
and putting a = 1 in (2.21), one obtains exactly the ABJM model as written down, e.g., in |24j. 
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4. Marginal deformations of the BLG and ABJM models 



All the superpotential terms introduced in the previous section are classically marginal. Recall 
that they were captured by parameters R\j k[ and H^ kl for I = 1,2. In the following, we will 
examine their behavior under quantization. 

While the beta function of a pure three-dimensional WZ model is zero due to an argument 
analogous to [25J, the situation is different when we couple the model to a Chern-Simons action, 
cf. [I4J: In SYM theories it is possible to argue that the couplings in the superpotential do not 
renormalize by promoting the gauge coupling to a chiral superfield. The Chern-Simons level, 
however, is not a continuous parameter, and therefore this argument does not apply here. Fortu- 
nately, it is known that the Chern-Simons level itself does not receive any quantum corrections, 
see e.g. |26,27J, even if the model is coupled to arbitrary renormalizable matter theories. 13 It 
therefore suffices to study the beta function of the superpotential couplings. 

4.1. Quantum action in the real case 

To discuss the renormalization of our models, we find it convenient to perform the quantum 
computations directly in superspace. For textbook treatments of the supergraph formalism in 
the SYM case in four dimensions, which is very similar to our discussion below, we refer e.g. 
to [32J. 

Let us start from the action (3.2) in the real setting. The Hermitian case of (3.8) is treated 
analogously, and we will discuss the differences in Section 4.5. We shall suppress the superscript 
R in the following. 

First, let us expand (3.2) in powers of V. For our purposes, it will be enough to keep terms 
only up to 0(V 3 ), 

Sn = f d 3 ' 4 



i(V, D a D a V) + ^(V, lD a V, D a Vj) + + V&) 

(4.1) 

Here and in the following, the bracket [[•, - J denotes the supercommutator, i.e. an anticommutator 
if the GraBmann parity of both arguments is odd and a commutator otherwise. 

To quantize this action, we adopt a supersymmetric Landau gauge as done e.g. in [33,26j. 
The corresponding gauge fixing term reads as 14 

5gf = J d 3 ^z(V,{a- 1 (D 2 + D 2 )-ir 1 (D 2 -D 2 )}V) , (4.2) 

where we take the limit — y 0. Here, o. and /3 are dimensionless parameters and D 2 '. — D a D a 
and D 2 := D a D a . Accordingly, the Faddeev- Popov action is 

S gh = [ d 3lA z{b-b,£_^ v {c-c + coth(£^^ v )(c + c)}) , (4.3) 



cf. also the discussion in 28 -30 and more recently in 31 . 

Alternatively, we could have introduced the usual gauge fixing Lagrangian £ gf ~ \{V, D 2 D 2 V + D 2 D 2 V) at 
the cost of having a dimensionful gauge parameter £; in fact, since V is dimensionless, £ is of mass-dimension 1. 
As a consequence, the corresponding gluon propagator has a bad IR behavior for £ 7^ 0. However, for £ = the 
propagator is the same as the one given in (4.9a) for a/3 — > 0. 
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where the c are the ghosts while the b are the antighosts; these are (anti)chiral superfields. 
As one may check, S g { + Sgh is invariant under the following BRST transformation laws: 



SbrstV = 1 -^f L r/£ i_ v {c - c + coth (£ i_ v ){c + c)} 

Sbrstc = -r]c 2 and 5 B rstc = i]c 2 , 

S B RSTb = -iv^^Ca" 1 -^ -1 )^, 

SbrstI = iV^v(a- 1 + ir 1 )D' 2 V , 



(4.4) 



where rj is some anticommuting parameter. 

For our purposes, we will need S g ^ only to OiV 1 ) 



5gh 



d 3|4 z \_ { ^ c)) _ (gj 6) _ _i_ (6 _ ^ ^ c _ m + 0( y 2) j (4 5) 

The full quantum action is then given by 

S q = S + 5i + 5gf + 5 gh . (4.6) 

In order to have a compact form of the Feynman rules, we use capital Roman letters A,B, . . . = 
1, . . . , dim 3^4 to denote gauge algebra indices. For this, it is important to note that there is a priori 
no bijection between pairs of indices ab denoting elements of A 2 A and an index A corresponding 
to an element of q a . This is due to the fact that 5 : A 2 A — > q a is not injective in general (with 
an exception being the case of the real 3-algebra A±). This point has to be carefully taken into 
account in all the calculations in the following. 

In terms of the gauge algebra indices, the invariant form ((•, •)) on q a is simply given by 

(X,Y) = X ab Y bc f abcd =: X A Y B G AB , with G AB = G BA ■ (4.7) 

We assume that Gab has an inverse denoted by G AB with G A cG CB = 5 A B ■ Note that the 
identification G A b = fabcd holds only if 5 is a bijection (as is the case for A = A4). The structure 
constants of q a are denoted by F A b C ■ In interactions like the 3-gluon vertex, the quantity 
Fabc '■= F A b D Gdc will appear. Due to aci-invariance of ((•, •)), F A bc is totally antisymmetric in 
ABC . Moreover, we will use multi-indices I = ia combining flavor and 3-algebra indices whenever 
convenient. For example, vertices like 

{*i,V{&)) = V ab $ ic $tf abcd = V ab & c $ id f abc %i , with $ ia := h ab $\ (4.8a) 

that appear in the expansion of ($j,e 3> l ), will be written as 

($i,V(&)) = &V A T AI J $j, (4.8b) 

where 

[T A ,T B ] = F AB C T C . (4.8c) 
We stress again that the identification T A i J = f a bc d ^i works only if 5 : A 2 A — > g A is a bijection. 
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4.2. Feynman rules 

We have now all the necessary ingredients to write down the momentum space Feynman rules for 
our theory (d^ —ip^)- 

Propagators: 

The propagators are found to 

A P, B 
VWWWWWV : (V A (-p,e 1 )V B (p,9 2 )} = 

iP~\D 2 -D 2 )]\ 5 { - i \e x -e 2 ) , (4.9a) 

1 S I jd^(9 1 -9 2 ) , (4.9b) 

^G AB 5^(0i-e 2 ) , (4.9c) 

±G AB SW(e 1 -6 2 ) , (4.9d) 
pi 

ifil 

where all derivatives are understood to depend on p and to act on 9\. Here, we suppressed the 
usual ie-prescription of the poles. As already indicated, in this work we will use Landau gauge 
with a(3 0. We shall also use the convention D a D a = DD. 

Vertices: 







v 2 












~D a D a 


i a 2 /3 2 J 
4a 2 +/3 2 1 




+ D 2 )- 


I 


V ) 


J 






02)) = 








0i 




2 








A 


P ) 


B 


(c A (- P , 


ei)b B ( P , 


02)) = 


0i 




2 








A 


P ) 


B 


(b A (-p, 


e 1 )c B ( P , 


02)) = 


0i 




2 









Vertices can be read off directly from the action (4.6), and for the reader's convenience we 
have summarized them in Appendix C. As for SYM theory in superspace language, there is one 
additional feature that for each chiral or antichiral line leaving a vertex there is a factor of —\D 2 
or —\D 2 acting on the corresponding propagator. However, for purely chiral or antichiral vertices 
that come from the superpotential, we omit one factor of — \D 2 or —\D 2 corresponding to one 
internal line, i.e. a vertex with n internal lines attached carries n — 1 derivative factors. 

Integration, symmetry factors and regularization: 

First, there are the usual loop- momentum integrals f ^ ? 3 for each loop and momentum conserv- 
ing delta functions. Second, we integrate over d 4 6 at each vertex. Finally, the usual symmetry 
factors associated with the diagram have to be taken into account. 

Our regularization prescription is as follows: We will perform all manipulations of the formulae 
in D = 3, J\f = 2 superspace and only compute the final loop-momentum integrals in dimensional 
regularization. This prescription corresponds to dimensional reduction [34J, a procedure, which 
is known to be valid at least up to two loop order [29J. 



15 Here and in the sequel, we make no notational distinction between a position space field and its momentum 
space version (after Fourier transform). 

16 Note that we make no pictorial distinction between (cb) and (be). 
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4.3. Powercounting 

Before performing the calculation, it is useful to look at the superficial degree of divergence 5(T) 
of some diagram T. 

With the given Feynman rules, the gluon propagator (VV) scales as 1/p for large momenta 
while the propagators for the matter (<&<!>) and the ghosts (cb) and (be) go like 1/p 2 ■ The V n vertex 
scales as DD ~ p, each vertex of type §V n *t goes like D 2 D 2 ~ p 2 and the 3> and § 4 vertices 
behave as D e ~ p 3 and -D 6 ~ p 3 , respectively. Any ghost/gluon interaction goes like D 2 D 2 ~ p 2 . 
Then each external chiral or antichiral line (matter and ghost lines) goes like 1/D 2 ~ 1/p or 
1/D 2 ~ 1/p. Finally, as in SYM theory in four dimensions [35j, for each loop one may reduce 
all the d 4 #-integrals to just a single one by partially integrating the D- and Z)-derivatives, hence 
leaving each loop-momentum integral to behave as d?p/ D 2 D 2 ~ p. 

Altogether, the superficial degree of divergence is thus given by 

<5(T) = V g + 2V cg + 3V C - I g - 21 c + L - E c , (4.10) 

where V g is the number of purely gluonic vertices, V cg the number of matter/gluon and ghost/gluon 
interactions and V c is the number of purely chiral vertices of V. Then, I g is the number of internal 
gluon lines, I c is the number of ghost and matter lines and E c is the number of external ghost 
and matter lines. Finally, L is the number of loops. 
Using the formulas 

L = I —V + 1 = I g + I c — V g — V cg — V c + 1 and E c + 2 I c = 2V cg + 4V C , (4.11) 
we eventually arrive at 

5(T) = 1(2 - E c ) . (4.12) 

Comparing this with the result of SYM theory in four dimensions, [35j, we conclude that dscs — 
\8sym- 

Equation (4.12) then tells us that all diagrams with more than two external chiral lines are 
superficially convergent. Notice that (4.12) can be refined further. When partially integrating 
the supercovariant derivatives some of them will get transferred to external lines (when, e.g., 
computing the wave function renormalization of the vector superfield or the renormalization of 
the superpotential) . If we let Njj be the number of D- and Z)-derivatives that are transferred to 
external lines, then the superficial degree of divergence is given by 

5(T) = \(2-E c -N D ) . (4.13) 

4.4. Two-loop renormalization in the real case 

(£) U) 
Let us now come to the computation of the beta functions P\Ai for the couplings R\Ai with 

£ = 1,2. Upon rescaling <1>q = (Z 1 / 2 )?^, where the subscript '0' refers to the bare quantities, 

we find 

pW _ / 7 -l/2W' / 7 -l/2W' 7 W i"j"k"l" r>(t) ( A , A \ 

K oijki ~ y z h h z i'j'm' K i"j"k"i" ' I 4 - 14 ) 
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and hence 



where 



M _ i rel'myW i"j"k"l" 

Pijkl ~ \^ hjkl Ji> ^mj'k'l' Jx i"j"k"l" 

,...,/ 7 -\\ . ., /i'k'l' m (£) i"j" k "l" R W 

\ hjkl IV ^i'j'k'm Ix i"j"k"i" (4.15a) 



j 7 W i"j"k"i" 

d log a i"j"k"l" ' 



(<■) 



, = V2 = ld(logZ)/ 

7l ( J ' dlogp 2 dlog/i k ' 

denotes the anomalous dimension of the field and Z^ kl i '^' k ' 1 ' is the renormalization of the 
quartic vertex £. 




P P 



(c) 

Figure 1: Logarithmically divergent diagrams that contribute to Z- . 

(£) 

To compute we emphasize that there is no one- loop renormalization, as there are no 

Feynman diagrams which could potentially contribute. Note that Lemma 3 of [26J is very helpful 
here, as it immediately rules out contributions from large classes of diagrams. The first non-trivial 
result is found at two loops. From the discussion in the previous section, we conclude that all 
four-point functions are superficially convergent and indeed, by inspecting all two-loop four-point 
diagrams of types <&<!>) and explicitly, one realizes that they all are convergent: There 

is a single such diagram potentially contributing (the two-loop gluon correction to the vertex), 
which is, however, convergent. We are therefore left with 



Moreover, there are only three diagrams that contribute to 7j J and they are displayed in Fig. 1. 
All other diagrams either vanish by supersymmetry or by their respective color structure or they 
are simply finite. 
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Furthermore, it will be helpful to introduce the following operators: 

J . r^ABrp Krp LriCDrp Mrp J 

- Lr ±AI ±BK J-CL J- DM , 



'1)1 

j 



i G ac g bd Fab e Fcd f Tei k Tfr j ^ (417) 



1 



1 rp Lrp KriAC riBDrp Mrp J 

JfJ lAK ±bl G G ±ci ±dm 



and one can show that they commute with all Ta- However, the Ta need not form an irreducible 
representation of 0^4 in general, so Schur's lemma cannot be applied directly. Nevertheless, it 
turns out that for the 3-algebras we are interested in, i.e. A4 and the class M^ o (N) and also 
later for M^(N), the operators (4.17) are indeed proportional to the identity. In these cases, we 
define 

(^1)/ =: kl5/ , (tffe)/ =: k 2 8/ , (tf 3 )/ =: faS/ . (4.18) 

The explicit values of k±, k 2 and k% for the various matrix representations are listed in Appendix 
\K] To be concise, we will give all our formulas using these constants in the following. 

Let us start from diagram 1 a) . Using the Feynman rules listed in the previous section and in 
Appendix C, this diagram is given by the following integral: 

[D 2 D 2 (k, 61)621] [DD(k + l-p, 6 2 )8 12 ] [DD(l, 6i)8i 2 ] 



x 



m 2 (k + i- P ) 2 

where 6 12 '■= 8^(61 — 6 2 ); the 1/2 is the symmetry factor. We arrive at this expression after 
making use of the transfer rule 

D(p,9i)6i2 = -D(-p,6 2 )8i2 , (4.20) 

where D represents both, D and D. 

Integrating by parts and by employing the D-algebra {D, D} ~ p, {D, D} = and {D, D} = 
0, the integral (4.19) simplifies to 



S(a) = ~^[ k 2 + k 2 i] J ^dW(-p,0)*j(p,0) J 



(2vr) 3 (2tt) 3 k 2 l 2 (k + l-p) 2 



_ log A 
16ir 2 

13, 



[fc 2 + fc 2 ]logA I A^^6{h(p,e)^\-p,e)) . (4.21) 



47T 2 AC 2 

Thus, the contribution of T,^ to Z- J is 

(a): *Z<' = --^[k 2 + k 2 W. (4-22) 
In a very similar manner, we find the contribution coming from diagram lb) to be 



(b) : 8Z t > = - + 2c 2 i?jf + 2 Cl i^ fc ) 

+ ^L(dR^ m + 2i?gf + 2ciR^ k ) 



7T- 



(4.23) 



where ci , c 2 and C3 are the three "Casimirs" of A that are given by 

f ac cb = ci8 a b , f acde f bedc = c 2 8 a b and f acde f bcde = -c 3 8 a b (4.24) 
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and d = dim A is the dimension of the 3-algebra. These relations follow from the fundamental 
identity. We refer to Appendix A., where we list c\, c 2 and C3 for the matrix representation 



k — p k — p 




k 



(r) 



Figure 2: One-loop diagrams that contribute to the gluon self-energy II; they are all finite. The 
ghost diagram (b) represents all four ghost contributions. 

Finally, we need to find the contribution coming from diagram lb). To compute this diagram, 
it is useful to perform the calculation in two steps. Let us first compute the one- loop contributions 
to the gluon self-energy LT. For this, we introduce the usual superspin projectors and &i/ 2 , 

^0 := -^[D 2 D 2 + D 2 D 2 ] and 5» 1/2 := -^D a D 2 D a , (4.25) 

which obey 

&l = ^0 , &l /2 = Pip and ^0 + ^1/2 = 1 • (4-26) 
With these, the relevant diagrams displayed in Fig. 2 contribute according to 

nW = -^F AC D F BD C J ^d 4 eV A (-p,6)p^ V B (p,9) , (4.27a) 

IlW = ^F AC D F BD C J -^d 4 9V A (-p,9)p(<? 1/2 +<? )V B (p,9) , (4.27b) 

n(C) = -^Ta/Tbj 1 J ^d A 6V A (-p,9)p& 1/2 V B (p,9) , (4.27c) 

as follows by using the Feynman rules listed in Section [4.1.1 and in Appendix C. Summing up the 
terms (4.27), we find 

II = ±- [F AC D F BD C - 2T AI J T B /] J ^d 4 9V A (-p,9) P 0> 1/2 V B (p,9) . (4.28) 

Note that the longitudinal part does not appear in this expression as required by the Ward 
identity for the vector superfield propagator. 
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Using the result (4.28), we can now derive the contribution to the anomalous dimension of <3?* 
coming from diagram 1"). After some algebraic manipulations, we arrive at 



(c) : SZ i 



log A 



[2k 2 + N f h]8 i 



48tT 2 K 2 

Collecting all the results, (4.22), (4.23) and (4.29), we finally obtain 



(4.29) 



7, 



_±_{[ k2 + k l + ^ 2k2 + Nfh) ] S .> 



+ 8k z 



R 



(i) 



iklm ' 



- c 3 R J ^ + 2c 2 R J ^ + 2ci^ 2) ) 

+ R%L(dR^ + 2R$ k + 2 Cl Rff k ) 



(4.30) 



for the anomalous dimension of <I>\ Equation (4.30) may then be substituted into (4.16) to get 
the final expressions for the two- loop beta functions fift- 
hs a check, let us consider A = A4. In this case we have d = 4 and f a bcd = ^abcd- Then k\ = 0, 



k 2 = —3, &3 = 6, ci = and c 2 

? (2) 



C3 



6. We also take Nf = 4 together with R 



(i) 

ijkl 



Xe 



with some constant A and R\j kl = 0. Using (4.30), the beta functions (4.16) reduce to 



> J ijkl 



-^h[l-(^) 2 \\\ 2 ]R% and 



and this expression vanishes for either A = (because R^i = Xeijki) or |A| = 4^; 
value of A is precisely the value for the original BLG model (3.7). Furthermore, one might check 
that the phase of A does not flow (see also Section 4.6.). To characterize the fixed points, it 
is therefore sufficient to consider the modulus of A. The value |A| = 0, the minimally coupled 
Chern-Simons matter theory, is thus a UV stable fixed point, while |A| = the BLG model, 
forms an IR stable fixed point. 



^ijkl 



ijkl 



(4.31) 



The latter 



4.5. Two-loop renormalization in the Hermitian case 

Let us now discuss the Hermitian case with the action given by (3.8), (3.9), (4.2) and (4.3). The 
calculation is essentially the same as in the real case modulo some changes in the color/flavor 
structure of the diagrams due to the two different types of matter that transform in opposite 
representations of the gauge group. 
We introduce again 

(X,Y) = X ab Y bc f cabd =: X A Y B G AB , with G AB = G BA (4.32) 

and assume that Gab has an inverse. Due to the ad-invariance of ((•,•))> the structure constants 
Fabc '■= Fab D Gcd are totally antisymmetric, as in the real case. Here, we have to use multi- 
indices of two types: I = am and I = ^. Correspondingly, the chiral superfields read as $ and 
<&j and their conjugates are and in writing this, we are implicitly using the metric h a b as 
we did in the real setting. With these conventions, the propagators are essentially the same as 
those listed in (4.9). The vertices are displayed in Appendix C. Everything else like regularization 
and power counting works, of course, as in the real setting. 
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The beta functions for the two couplings H m ' m - with £ = 1,2 are here given by 



U) 



-1\ m'n'm'h' fc „(£) 

Jmnmh ^m' ^kn'm'h' 



""m'^'m"^" 



where 



+ ((Z 



n m'n'rh'k 



(\7 y ' 7 
m'n'm'h' m'n'm'h' 



~m"n"m"h" 



■H. 



(0 



l d(logZ)^ 
2 d log /x 



and 7^ 



dlog /x 

= l d(logZ)^ 
2 d log /i 



m"n"m"h" ' 



(4.33a) 



(4.33b) 



denote the anomalous dimensions of the fields <3? m and <£ m and Z^ nrhh m ' n ' m ' n ' is the renormal- 
ization of the quartic vertex £. As in the real case, there is no renormalization of the vertices to 
two-loop order and we are therefore left with the wave function renormalizations 



ft- 



(0 



im ±y 'knmn~ ~ in ±L , 



mnrhk 



(4.34) 



Using the conventions introduced above, the diagrams in Fig. 1 yield the following contribu- 
tions to the wave function renormalization: 



(b) 



(c): 
where 



5ZJ: 



log A 

47T 2 K 2 

log A r 



[k 2 + kl]8 r 2 and 5Zj 



log A 



4vr 2 



I uW Tjmhkn trUJ Tjhmkn\ __„2 a 
\ H mkmh H (l) - H mkmh H {l) ) 2 P 

+ (H { mL n H$? kn + H^ krhn H^) ( Cl cos /3 + ic[ sin /?) 
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log A 
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mnkm mnkrh' * 
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mnkm 
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nmkrn' 
khmn tj{^) \ 
mnkm' 



log A 

'48tt 2 k 2 



^fo+iV^C and ^ 



log A 

'48tt 2 k 2 



(4.35a) 



(4.35b) 



(4.35c) 



[2*2 + ^]^ ,(4.35d) 
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\G AC G BD Fab E Fcd F Tei K T FK j = k 2 5/ 



1g ac g bd Fab e Fcd f t 



2 rp Lrp K SlAC riBDrp Mrp 
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EI FK 
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(4.35e) 
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and 



fc 



cb 



r 6 f r 

^l"a ' JacdeJ 



edcb 



-C 2 S a b , 



d, 



cb 



dacded 



edcb 



-c' 2 5 a b (4.35f) 



with <i = dirndl. For the explicit values of the Casimirs ki, Ci and in the matrix representation 
Mj (iV), we refer to Appendix A. 

Altogether, we obtain the following anomalous dimensions: 
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In 



8tt 2 k 2 



[k 2 + kl + ^(2k 2 + N f k 3 )]8^ 
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{■"-mkrhh-"-^) 
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hmkn 
mkrhh J " L (1) 



HilLnHf^ + H% kmh H™ kn ) ( Cl cos /3 - icl sin 0) 



r(2) 



f tr( 2 ) Tjmhkn . j z_r(2) 
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khmn 



I jjkhmn jj{2) 
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"^(2) 



ci cos /3 + ic^ sin /3) 



'(2) 



mnkm 



+ dH, 



khmn z_r(2) 
(2) 



(4.36b) 



These expressions may be substituted into (4.34) to arrive at the final result for the beta functions. 



0, AT 



4, # 



(i) 



As a check, let us consider the ABJM model. In that case we have, /3 
^mn^mh for some constant A and H^ njhh = 0. Furthermore, we choose Mf 1 (N) and hence 
fc x = 0, fc 2 = 1 ~ N 2 , A; 3 = -2 + 2N 2 , ci = and c 2 = 2 - 2N 2 . Therefore, we find 



1 



7„ 



Tm 



16tt 2 k 2 
1 

16^2~2 



(l-iV 2 )[l-(4 K ) 2 |A| 2 ]5 m " 
(l-iV 2 )[l-(4 K ) 2 |A| 2 ]^ 



(4.37) 



and thus, we recover precisely the value |A| = ^- for the ABJM model; see equations (3.13). For 
N = 2, this of course agrees with the result (4.31) as for this particular value of N, the ABJM 
model coincides with the BLG model. As in the real case, the phase of A does not flow (see also 
Section 4.6.) and so we can restrict ourselves to the modulus |A|. Therefore, the conformal fixed 
point corresponding to the ABJM model forms an IR fixed point, just like in the case of the BLG 
model. 

4.6. Discussion of the results 



The above expressions for the anomalous dimensions and the resulting expressions for the beta 
functions certainly allow for many conformal fixed points depending on the particular choices of 
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the superpotential couplings and of the underlying 3-algebra structure. For this reason, we shall 
merely discuss two examples. We hope to report on a more thorough analysis elsewhere. In our 
subsequent discussion, we assume that Nf = 4. 

Real 3-algebras: 

Let us consider A = A4. We recall that in this case the Casimirs are given by 



ki = , k 2 
Furthermore, we take 



6 , ci = , c 2 



-6 , c 3 



R 



(i) 

ijkl 



~~ £ ijki and Rf) M 



K 



(4.38) 



(4.39) 



with = r£e 1<fie . Plugging these values into the expression (4.30) for the two-loop anomalous 
dimension, one finds that the corresponding beta functions are given by 



M) _ f(ri,r 2 ) D (i) 

Pijkl — 



with f( ri ,r 2 ) := -^[l-96(6rf + r 2 2 )] 
The zero- locus f(ri,r 2 ) = defines an ellipse in R 2 , 



n 
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cos t and r 2 



AV6 



sint for t G [0, 2ir) . 



(4.40) 



(4.41) 



We thus obtain a one-parameter family of marginal multi-trace deformations (i.e. double-trace 
in superfields and double- and triple-trace in components) of the BLG model, the latter corre- 
sponding to t = 0. 

0.15 



f(n,r 2 ) o.2 




Figure 3: The function f(r\,r 2 ) capturing the beta functions of single- and multi-trace deforma- 
tions. 



Furthermore, (4.40) implies the following equations for the running couplings = rge 1(pe : 

ft = -^/(fi,f 2 ) and fi(p 1 = 0, with \ t (n\\ t ) = \g , (4.42) 
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where dot means a total derivative with respect to log(p//i). Hence, the phases (pi do not flow. 
To get a more intuitive picture of the situation, we plotted the function f(r\,r 2 ) in Fig. 3 for 
ri, r% > 0. From the figure it is then clear that every point on the fixed point locus of the beta 
functions corresponds to an IR fixed point of the renormalization group, as the derivative of the 
function f(r\,r 2 ) in the direction of the outward normal of the curve is positive. Notice further 
that the minimally coupled Chern-Simons matter theory, = 0, is a UV fixed point. Thus, by 
turning on the above deformation at r£ = 0, the theory flows to one of the points on the curve 
/(n, 7*2) = in the IR. 

Hermitian 3-algebras: 

Let us now perform a similar analysis in the Hermitian setting. We take A = Mj (iV). In this 
case, we know that 



h = , k 2 = 1-N 2 , k 3 = -2(1 -N 2 ) , Cl = , c 2 = 2(1 - N 2 ) , 

c[ = -2N , c 2 = -2(1 + N 2 ) 

and d = iV 2 . Let us focus on superpotential couplings of the form 

H-mnmh = [tmnZrhh + p(^(mnrhh), (1,2, 2,1) + 3(mnmh), (2, 1,1, 2))] > 

n mnmh ~ „ u mm<Jnn ■ 



(4.43) 



(4.44) 



Note that A2 controls the multi-trace deformations. Substituting these expressions into (4.36) 
for the two-loop anomalous dimension, we find after some algebraic manipulations that the beta 
functions (4.34) vanish if (A^ = r^e 1 ^ and p = r^e^ 3 ) 

a r\(r 2 - 4r 3 cos ^3 + 4) + b r\r\ + cr\ + drir 2 r 3 sin^i - (p 2 + <ps) = 1, (4.45a) 

where 

2N 2 + 2 AN 2 + 2 8./V 

a := 4cos 2 /3, b := ^ 2 _ - sin 2 /3 , c := 2 _ 1 , d := ^ 2 _ - sin/3 . (4.45b) 

For p = —2 and A2 = 0, we find the /3-deformed ABJM model that was discussed in [18J by 
studying the gravitational dual of the theory while for p = (implying /3 = without loss of 
generality) and A2 7^ 0, we obtain a marginal multi-trace deformation of the ABJM model. 

5. Conclusions and outlook 

In summary, we have described marginal deformations of Chern-Simons matter theories that 
are based on real and Hermitian 3-algebras. In particular, we wrote down the most general 
superpotentials consisting of single- and multi-trace terms that are i) conformally invariant at 
the classical level, ii) compatible with J\f = 2 supersymmetry and iii) supergauge invariant. For 
these superpotential terms, we computed the two-loop beta functions using M = 2 supergraph 
techniques. As familiar from four dimensional SYM theories, supergraphs turned out to be a 
powerful tool also in the case of supersymmetric Chern-Simons matter theories: The calculation 
of the two-loop beta functions boiled down to the computation of the three Feynman supergraphs 
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displayed in Fig. 1. We expressed our results concisely in terms of certain "Casimir invariants" 
of the underlying 3-algebra and its associated Lie algebra. Using our expressions for the beta 
functions, we confirmed conformality of both the BLG and ABJM models. In addition, we 
discussed /3-deformations of the ABJM model and certain marginal multi-trace deformations of 
both the BLG and ABJM models, explicitly. We mostly focused on the 3-algebras Mjjj (iV) 
and M^(N), but a similar analysis can easily be carried out for other 3-algebras. 

Even though real and Hermitian 3-algebras already allow for classes of marginal deformations, 
we found that not all deformations, and in particular not the /3-deformations of [18J, are captured 
by 3-brackets. Instead, one has to introduce an associated 3-product, i.e. a triple product that 
transforms covariantly under gauge transformations. This is in the same spirit to what happens in 
four-dimensional SYM theory, where one replaces the Lie bracket by some deformed bracket. To 
discuss /3-deformations of the ABJM model, for instance, we were led to introduce the /3-3-bracket 
(2.28), which is just a special instance of an associated 3-product. As far as /3-deformations 
are concerned, we mainly focused on the Hermitian case. Here, we obtained an independent 
confirmation of the deformations studied in [18J. Note, however, that more general deformations 
than the /3-deformations we focused on can in principle be discussed in both the real and Hermitian 
cases using associated 3-products. 

The most interesting open question is certainly to what extent our deformations are exactly 
marginal, or at least, to all orders in perturbation theory. Because of the many simplifications 
which arise, e.g., due to Lemma 3 of [26J, one might be able to make precise statements using 
our superfield formulation. Otherwise, it might be necessary to switch to a different description 
as, for example, light-cone superspace as done in [36J for /3-deformations of M = 4 SYM theory. 

Another point is certainly to study the 't Hooft limit of our deformed theories 17 and identify 
all geometries which form their gravitational duals, extending the work of [18j. Vice versa, one 
could reformulate some of the deformations considered in [18J in terms of 3-algebra language to 
gain more insight into the 3-algebra structures involved. 

Finally, it would be interesting to extend the analysis of [10, 12J to our deformed BLG-type 
models and to study a possible correspondence of the dilatation operator in these models to 
the Hamiltonian of an integrable spin chain, using superspace and 3-algebra language. This 
is possible, because the operators considered in [10J can easily be formulated in terms of the 
associated 3-products introduced in this work. 
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Appendices 

A. Casimirs for matrix representations 

In this appendix, we discuss the Casimirs k{ and c% that appear throughout this work for the 
different matrix representations. 

Casimirs Cj and k{ for the real 3-algebra g{N)-' 

The underlying vector space for this real 3-algebras has dimension N 2 and one easily finds a basis 
with elements satisfying the following relations 

tr ( r J T £>) = S ab =■ Kb and {Ta)ij{T a )kl = S ik 8jl . (A.l) 

With the above formulae, the three Casimirs c\, c 2 and c 3 defined by 

fac cb = , f acde f bedc = c 2 5 a b and f acde f bcde = -c 3 5 b (A.2) 

can be computed straightforwardly and we obtain 

Cl = (iV-l)(Q-/3) , c 2 = (N - l)(a 2 - 2(N - l)a(3 + (3 2 ) , 

(A.3) 

c 3 = -2N(N-l)(a 2 + f3 2 ) . 

The Casimirs ki can similarly be calculated by using identities for the appearing generators 
of g_4 = o(N) © o(iV) together with formula (2.11) for the bilinear form ((•, •)) on g_4. We find here 
that 

h = ^(a 3 + /3 3 ) , k 2 = -i(a 3 + /3 3 ) , k 3 = -\N{a 6 + /3 6 ) . (A.4) 

Note that the algebra A4 is a sub-3-algebra of the 3-algebra M n ? Ii (4). In this case, one can 
compute the Casimirs directly from the structure constants and the fact that = su(2) © su(2) 
and we obtain 

ci = , c 2 = -6 , c 3 = -6 , ki = , k 2 = -3 , k 3 = 6 . (A. 5) 

Analogously, one constructs the Casimirs for the other real 3-algebras Mj (iV), (iV) and 
Mjy (iV), but we refrain from going into more detail at this point. 

Casimirs Ci and ki for the Hermitian 3-algebra M^(N): 

The underlying vector space here is spanned by generators of U (N) in the fundamental represen- 
tation. For simplicity, we fix a = 1, as we did throughout most of the paper. As basis r a , we 
have N 2 anti-Hermitian N x iV-matrices and we choose them such that we have the following 
identities: 

tr(r+7fc) = 5 ab =: h ab , h ab = 5 ab and (^(t^ = -5 a 5 jk . (A.6) 
From these, one obtains for the Casimirs ci,c 2 and C3, which are defined by 

fac cb = c x 5 a b , f acde f edcb = -c 2 5 a b and f acde f bcde = -c 3 8 a b , (A.7) 
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the following expressions: 

d = , c 2 = 2(1 - N 2 ) and c 3 = 2(1 - N 2 ) 



In addition, we have 



k x = , k 2 = 1- N 2 and fe 3 



-2(1 - iV 2 ) 



(A. 



(A.9) 



Recall that Mj (2) = Ai, and the above formulas (A. 8) and (A.9) reproduce indeed (A. 5) for 
N = 2. 

Remarks on the bracket [A, B; C]p: 



Recall the form of the /3-3-bracket 

[T a ,n;r c ]/3 = g a bc d Td with g ahc d = cos f3f ahc d + ism f3d abc d 
Therefore, apart from the Casimirs q we also have the d i 



d, 



cb 



c'A 6 and d acde d edch 



-c' 2 5 a b . 



Explicitly, we obtain the following values: 

c[ = -2N and c' 2 = -2(1 + iV 2 ) . 

B. Component form of the actions 

In this appendix we give the component form of the superspace actions in WZ gauge. 

Component action in the real case: 

In terms of the component fields (3.1), the action (3.2) reads as 



(A.10) 



(A.ll) 



(A.12) 



^ x (A^d u A x + ^IA„,A X }) - i((A Q , A a ) - i((A a ,A Q )) - {D,a) - (a,D) 



+ (Fi,F l ) - (V^, W) -i(C,V Q/3 <n - ^(&, W)) + yjifa, A a (C)) 



qR 



(B.13) 

where := f^V^. Upon performing the integrals over the fermionic directions, the component 
form of the superpotential term (3.3) is given by 



Si 



R 



d 3 * I R% 



+ R 



(^ Q ,<)(/,^) + 2(^ Q ,<A J ')(^,^)-2(F i ,^)(^,^: 



(2) 
ijkl 

+ CC. . 



(B.14) 
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The next step is to eliminate the auxiliary fields. After varying s R = s R + sf , we find the 
following (algebraic) equations of motion for F l , Fi, D, a, A and A: 



-4R 



Fi 
D(A) 
a{A) 
K{A) 



-4R, 



ijklt 
(1) 



h, 4>k, 4>j\ - 4i?(^ (4>u <t>k)<t>j , 

(2) 



-^[^A], 

-^fe,^,^] and Aa(A) = ^[^^A] , 



(B.15) 



and hence S R = f d 3 x C R with 



e^ A (A„,^A, 



ivy 



i(#,V a/? ^) 



+ ^([^,^,4], y,<^ fe ]) + i- K W^iM) + i (l^ 1 ,^, 

- 2i?g^ , + 2[^, ^]) 

- 222^ fe, ^, fc ] + 2[<fc, C]) 



2.R 



2# 



(2) 
ijkl 



(2) 



$ fa , ) (0 fe , 0/ ) + 2{i> ia , 4> 3 ) (C , 4>i ) 



16 



(B.16) 



where |A| 2 := (A, A) for any A £ A. 

For the reader's convenience, we finally extract the multi-trace terms explicitly: 



mult 



9 o(2) 
- 2K ijkl 



2R 



16 



(2) 



(V <a ,^)(0 fc ,0 , ) + 2(V fa ,0 7 ')(^0 i ) 
(^ a ,^)(^ fe ,^) + 2(^,^)(C,^) 



(B.17) 



Component action in the Hermitian case: 



Let us now discuss the Hermitian case. Here, we shall assume that f3 = 0, i.e. we work with 
the usual Hermitian 3-bracket in the superpotential. In terms of the component fields (3.1), the 



27 



action (3.8) reads as 



H 



I 



d 3 x e^\(A^d u A x + ^-IA V ,A X }) - i((A Q , A a ) - i((A a , A a ) - (D,a) - (a,D) 

I(C ) A a (0 th )) + v /f(A«(^),0 m ) 
i(A a (0™),^ a ) + i(0 m ,a 2 (r)) 

1/7 _2/7 \\ i 1 /./,m _/„/, mass 1 /.Tci! 



+ 



In component form, the superpotential terms (3.9) are given by 



(B.18) 



2 / d d x 4 #; 



r(l) 



(F™,[^ m ,^;^]) + ([^,^;^],^ 



+ [<T Q , ^h]) + (0n, [C. «^ n ; CD 



(2) 



- (-Fm, 4> m )(fai 4> n ) - (fa,F m )(fa,,r) 



+ C.C. 



(B.19) 



Varying S H = Sq + , we find the following (algebraic) equations of motion for the auxiliary 
fields F m , F m , F™, F m , D, a, X and A: 



1 m 
pm 

F- 

D(A) 

a(A) 
X a (A) 
X a (A) 



2H~[fa, fa- ~ 2H™ n fa( Y n , fa) 



im/i ins 



-2H 



(1) [Ym,Yn, 



2H 



mnmn 1 i in 



2H mnrhhi^ ^ fa] ~ 2H m r, 



(2) Ym\Y i Ynj j 
( 2 ) A m (A A™\ 



J n i Y ) j 



4 [A, ( x(^ m ); m ] + [A, a(fa); fa,] - [A, m ; a(cf> m )] - [A, fa; a(fa)} 



(B.20) 



-^l[Ar;C]-[AC* 
■^([Af;f]-[A; 



where j4 is an arbitrary field taking values in A. We may now substitute these expressions into 
equations (B.18) and (B.19) to arrive at the final expression for the component action. Since this 
is a rather lengthy expression and moreover basically of the same form as (B.16), we shall not 
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display the full action here but only give the multi-trace terms: 



■"mult 



(2) 



-2H. 



o Tjmnmn 
2H (2) 



r(l) 



(2) 



mnrhh (1) 
(2) 

mnmn" 



y m i LVm' > W i ' 



])(& 



_|_ ^j^rhhm 



m'n'mn' 



AHJ: 



(B.21) 



C. Feynman rules: Vertices 



Vertices for real 3-algebras: 

Let us list the Feynman rules for the vertices in Landau gauge a/3 — > 0. They are: 




(C.22a) 



(C.22b) 



(C.22c) 



(C.22d) 



/ J 
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<3? 4 -vertex : 



ghost /gluon- vertices : 




wwwvi 



C 



i4!i? 



IJKL 



(C.22e) 



i(-l) # ^^BC 



(C.22f) 



Here, is the number of antichiral (anti)ghosts entering the vertex. We have not put arrows on 
the ghost lines, since we have vertices where only either chiral or antichiral ghosts enter or where 
chiral and antichiral ghosts enter. Furthermore, 



V Al A2A 3 = J2 FA i A rAs[D(-k r ,e)A r g(k r )][D(-k s ,0)A se (k s )) 



(C.23a) 



with 

\ 3 {h) := —jpDDfaOdSij and 5 l3 := & - Oj] 

i 

The coefficients appearing in (C.22d) and (C.22e) are 



RlJKL - [Rij k ifabcd + R ijklhabh c d] s 

= I {Rijllf abcd + Rikljf acdb + Riljkf adbc + Rijlftabhcd + R^kljhachdb + R^ji-hadhbc) j 
R IJKL = [tf^f*bcd + E ijkl h ab h cd^ 

= I (i^/ o6cd + Rf ) j f acdh + R i ^ ) k f adbc + R i ^ l h ab h cd + R i ^ ) j h ac h dh + R i ^ ) k h ad h bc ) . 

(C.24) 

The subscript V refers to total symmetrization in the multi-indices IJKL. 



>(2) 



(C.23b) 



Vertices for Hermitian 3-algebras: 

In the Hermitian case, the Feynman rules for the vertices are very similar to the ones for real 
3-algebras. The purely gluonic and gluon/ghost vertices are the same and we shall again adopt 
Landau gauge. The only difference is in the gluon/matter and pure matter vertices, since we have 
two different types of matter: and <3?j. We have 



$1/$- vertex 



vertex : 




^ TAI ' 



; 2i rp J 



(C.25a) 



(C.25b) 
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<3?y 2 <I>-vertex : 



J 




KvI)\ai K T b)k j , (G.25c) 



$y 2 $-vertex : 




2i ^rp Krp j 

1 (Ai 1 B)k 



(C.25d) 



<I? 4 -vertex : 




iAHjj 



KL 



(G.25e) 



$ 4 -vertex : 




i4£f 



u 

KL ' 



(C.25f) 



where 



TT KL _ r rr(l) „ cd , rr(2J r C c 



(2) 



c 5 6 d l 



1 r fJ-C 1 ) „ cd , dc , rr(2) r c r d , tr(2) r dr cl 

2 L mnfnhiioh ~r n m nhm})oh T n m nmh u a u b ' n mnnm u a u b J ; 

KL ~ l H (l) 9dc + H (2) d c d d\ s 

1 T unmmn „ ab , Tjmhmn „ ab , Tjrhhmn e a e b . Tjhfnmn r a; dl 
= 2^(1) 9dc + #(1) 5cd +""(2) °c °d +if (2) d d d c J ) 

where V refers again to total symmetrization. 



(C.26) 
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